We obtain an upper bound p 463/252+o(1) on the smallest L such that the set of the first L Fermat quotients modulo a prime p represents all residues modulo p.
Introduction
For a prime p and an integer u with gcd(u, p) = 1 the Fermat quotient q p (u) is defined as the unique integer with
We also define q p (kp) = 0, k∈ Z. Fermat quotients appear and play a major role in various questions of computational and algebraic number theory and thus their distribution modulo p has been studied in a number of works; see, for example, [1, 5, 6, 7, 8, 9, 10, 11, 13, 15, 16, 17, 18] and the references therein. In particular, the image set I p (U ) = {q p (u) : 1 ≤ u ≤ U } has been investigated in some of these works.
Let I p (U ) = #I p (U ) be the cardinality of I p (U ). It is well known (see, for example, [6, Section 2]) that (1) I p (p 2 ) = p, which follows immediately from the congruence (4) below.
The case of U = p is of special interest too. Vandiver [19] (see also [6, Section 3] ) has shown that
The above lower bound has been improved in [16, Theorem 3.8] as
It is also well known that the p-divisibility of Fermat quotients q p (a) by p is important for many applications and, in particular, the smallest value p of u ≥ 1 with q p (u) = 0, has been studied in a number of works; see [1, 6, 7, 9, 15] . Improving the previous estimate p = O (log p) 2 of Lenstra [15] (see also [7, 10, 13] ) the bounds p ≤ (log p) 463/252+o (1) for all p, (log p) 5/3+o (1) for almost all p (where almost all p means for all p but a set of relative density zero) have been given in [1] . Since I p (1) = {0}, one can define p as the smallest L with I p (L) > 1.
Here we study I p (L) at the other end of the spectrum and define L p as the smallest L for which I p (L) = p. We see from (2) that
Here we obtain an upper bound on L p .
In fact we estimate a more general quantity Λ p = min{L : ∀K ∈ Z we have #{q p (K + 1), . . . , q p (K + L)} = p} and improve the trivial bound Λ p ≤ p 2 .
Theorem 1. We have
Our proof is based on a combination of several results from [2, 4] on the distribution of elements of a multiplicative subgroup of the unit groups of a residue ring and with bounds on the Heilbronn exponential sums of Heath-Brown and Konyagin [12] .
We also supplement it by the estimate on L such that almost all residues modulo p appear among q p (1), . . . , q p (L).
Theorem 2. For any real function
ψ(z) → ∞ as z → ∞, for M p = p 3/2 ψ(p) we have I(M p ) = (1 + o(1))p as p → ∞.
Preparations
2.1. General notation. Throughout the paper, p always denotes a prime number, while k, m and n (in both the upper and lower cases) denote positive integer numbers.
We use Z * m to denote the unit group of the residue ring Z m modulo m. For a complex z, we put e m (z) = exp(2πiz/m).
The implied constants in the symbols 'O', and ' ' may occasionally depend on the integer parameter ν and are absolute otherwise (we recall that the notation U V is equivalent to U = O(V )).
Basic properties of Fermat quotients.
Most of our results are based on the following two well-known properties of Fermat quotients. For any integers k, u and v with gcd(uv, p) = 1 we have
see, for example, [6, Equations (2) and (3)]. Let G p be the group of the pth power residues modulo p 2 . The congruence (3) immediately implies:
Gaps between the elements of multiplicative subgroups of residue rings.
Let G be a multiplicative subgroup of Z * m . For η ∈ Z * m , we denote by Δ m (η, G) the largest gap between the elements of the conjugacy class ηG, that is,
(Note that λ need not be coprime to m, so that the translated subgroup λG need not be a coset in Z * m .) Also, we define the exponential sums S m (λ, G) = v∈G e m (λv).
We need the following analogue of [14, Lemma 7.1], which is given by [4, Lemma 2] , that relates Δ m (η, G) with M m (λ, G, Z) and S m (λ, G). We note that in [4, Lemma 2] only the case η = 1 is considered, but in the case of arbitrary η ∈ Z * m the proof is identical. Lemma 4. Assume that G is of order t and that for some positive integer Z ≤ m/2 we have
Then, as m → ∞,
Also, for a real Z, let N m (G, Z) be the number of solutions to the congruence
We now recall [2, Theorem 1], which gives an upper bound on N m (G, Z). We note that the proof given in [2] works only for Z ≥ m 1/2 (which is always satisfied in the present paper); however, it is shown in [3] that the result holds without this condition too, exactly as it is formulated in [2] . 
2.4. Heilbronn sums. Now, for a prime p and an integer λ, we define the Heilbronn sum
(we note that for our purpose it is more convenient not to include b = 0 in the summation range). We recall the following estimate due to Heath-Brown and Konyagin [12, Theorem 2]. 
Proof of Theorem 1
Clearly for every g ∈ G p there is η ∈ Z * p 2 such that the smallest positive residue modulo p 2 of ηg belongs to the interval [1, H] , where H is the maximum gap between the residues modulo p 2 of the conjugacy class ηG p . Therefore, it follows from (1) and Lemma 3 that
We now fix a sufficiently small ε > 0 and put Z = p 41/252−ε .
By Lemma 4 we see from (6) that it is enough to show that for any ε and the above choice of Z, we have
where, as before, G p denotes the group of the pth power residues modulo p 2 . Writing
by the Hölder inequality, and using that η ∈ Z * p 2 , we obtain ⎛
Trivially, we have
We also see that
Hence, Lemma 5 applied with ν = 6 immediately leads to the estimate
(since for Z ≤ p 41/252 the first term dominates). Therefore (10)
Zp 85/84+o (1) .
Substituting (5), (9) and (10) in (8), we deduce that
. Therefore (7) holds provided that p is large enough, which concludes the proof.
Proof of Theorem 2
Let T (K, a) denote the number of solutions to the equation
For an integer a with 0 ≤ a < p, we have
Changing the order of summation, separating the term (p−1)K 2 /p corresponding to λ = 0 and using (4), we write
Clearly, if gcd(λ, p) = 1, then 
Using (11), we derive
Therefore T (K, a) = 0 for at most p 4 (p−1) −2 K −2 values of a = 0, . . . , p−1. Taking K = 0.5p 1/2 ψ(p) and using the inequality
we conclude the proof.
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Comments
We remark that the bound of Theorem 1 resembles the bound p 463/504+o(1) of [2, Theorem 7] on the largest gap between the elements of a conjugacy class of a subgroup G of Z * p of order #G > p 1/2 . Indeed the proofs and results are quite similar, but they are based on somewhat different technical tools (on the bound on the average values of Heilbronn and Gauss sums, respectively). It is not clear whether they can be merged in a more general result which contains them as special cases.
